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Exactly solvable two-dimensional quantum spin models
D. V. Dmitriev, V. Ya. Krivnov, and A. A. Ovchinnikov
Joint Institute of Chemical Physics, Russian Academy of Sciences, 117977 Moscow, Russia
(JETP 88, 138 (1999))
A method is proposed for constructing an exact ground-state wave function of a two-dimensional
model with spin 1/2. The basis of the method is to represent the wave function by a product of
fourth-rank spinors associated with the sites of a lattice and the metric spinors corresponding to
bonds between nearest neighbor sites. The function so constructed is an exact wave function of
a 14-parameter model. The special case of this model depending on one parameter is analyzed in
detail. The ground state is always a nondegenerate singlet, and the spin correlation functions decay
exponentially with distance. The method can be generalized for models with spin 1/2 to other types
of lattices.
1. INTRODUCTION
There has been growing interest lately in quantum spin systems with frustrated interactions.1–10 Of special impor-
tance are models in this category for which it is possible to construct an exact ground state. The first example of such
a representation is the well-known Majumdar-Ghosh model.11 It comprises a chain of spins 1/2 with antiferromagnetic
interactions J1 and J2 of nearest neighbor and next-nearest neighbor spins, where J2 = J1/2. The ground state of this
model is two-fold degenerate and consists of dimerized singlets; moreover, there is a gap in the spectrum of excitations.
Another example of an exactly solvable model is the one-dimensional model with bilinear and biquadratic interactions
and spin 1, investigated by Affleck, Kennedy, Lieb, and Tasaki12 (AKLT model). Its ground state has a structure of
the type where each neighboring pair of spins has valence bonds. It is not degenerate, the spin correlation functions
in the ground state decrease exponentially with distance, and there is a gap in the spectrum of excitations. This
model therefore has properties predicted by Haldane13 for the one-dimensional Heisenberg antiferromagnetic model
with spin 1. The valence-bond ground state is also exact for systems with many dimensions, but with spin d/2 (d is
the coordination number of the lattice).14 The one-dimensional AKLT model has subsequently been generalized and
investigated in a number of papers,15 where it has also been shown that the wave function of the ground state can be
represented by the trace of the product of matrices describing the spin states of sites of a chain (the “matrix” form).
These two examples are characterized by the fact that the total Hamiltonian of the model is written as a sum of cell
Hamiltonians (which are not mutually commuting), and the exact ground-state wave function of the total system is
the eigenfunction having the lowest energy of each cell Hamiltonian.
We have previously16 investigated an exactly solvable, one-dimensional, frustrated model with spin 1/2, whose
properties by and large are similar to those of the AKLT model. The ground-state wave function has a special
recursion formula, and we have shown that it can be reduced to matrix form. It must be noted, however, that both
the recursive form and the matrix form are essentially one-dimensional constructions and cannot be extended directly
to higher-dimensional systems. We cite Ref. 17 in this regard, where a method has been proposed for constructing
an exact wave function of the ground state for models with spin 3/2 on a hexagonal lattice. The same method is
applicable to other systems with spin d/2.
In this paper we consider a class of models with spin 1/2 for which the exact wave function of the ground state can
be represented in an alternative form. In the one-dimensional case this wave function reduces to a wave function that
we have found previously,16 but it admits generalization to higher-dimensional systems. The present study is devoted
primarily to an analysis of the two-dimensional model.
The article is organized as follows. In Sec. 2 we discuss the method of construction of the exact wave function for a
one-dimensional model with s = 1/2. In Sec. 3 we formulate an exactly solvable two-dimensional model. In Sec. 4 we
investigate the properties of this model with the aid of numerical calculations. In Sec. 5 we discuss the possibility of
generalizing our treatment to other types of lattices. The Appendix gives a proof of the nondegeneracy of the ground
state of the two-dimensional model in the presence of cyclic boundary conditions.
2. ONE-DIMENSIONAL MODEL
We have previously16 investigated a one-dimensional, one-parameter model containing two spins 1/2 in the unit cell
and admitting exchange interactions between nearest neighbor spins and spins separated by two sites of the lattice.
The exact ground-state wave function of the cyclic chain can be written in the form
1
Ψ0 = Tr
[
A(1, 2)A(3, 4) . . . A(N − 1, N)
]
, (1)
where A(2i− 1, 2i) is a 2× 2 matrix associated with the ith unit cell.
Below we write the wave function Ψ0 in a form more suitable for subsequent generalization to other types of lattices
and give the general form of the Hamiltonian for which Ψ0 is an exact wave function of the ground state.
We consider a chain of N = 2M spins 1/2. The wave function of this system is described by the Nth-rank spinor
Ψ = Ψλµν...τ , (2)
where the indices λ, µ, ν, . . . , τ = 1, 2 correspond to different projections of the spin 1/2.
We partition the system into pairs of nearest neighbor spins. The wave function can then be written as the product
of M second-rank spinors
Ψ = Ψλµ(1)Ψνρ(2) . . .Ψστ (M). (3)
We now form a scalar from Eq. (3), simplifying the latter with respect to index pairs:
Ψs = Ψ
λ
ν(1)Ψ
ν
κ(2) . . .Ψ
σ
λ(M). (4)
Here subscripts correspond to the covariant components of the spinor, which are related to the contravariant compo-
nents (superscripts) through the metric spinor
gλµ = g
λµ =
(
0 1
−1 0
)
. (5)
Ψλ = gλµΨ
µ, Ψλ = gµλΨµ. (6)
The scalar function (4) can thus be written in the form
Ψs = Ψ
λµ(1)gµνΨ
νρ(2)gρκ . . .Ψ
στ (M)gτλ. (7)
The scalar function Ψs does not depend on the angle of rotation of the coordinate system and, hence, corresponds to
the singlet state.
The second-rank spinor describing the pair of spins 1/2 can be written in the form
Ψλµ = ctΨ
λµ
t + csΨ
λµ
s , (8)
where Ψλµt and Ψ
λµ
s are symmetric and antisymmetric second-rank spinors, respectively, and ct and cs are arbitrary
constants. We know that the symmetric second-rank spinor describes a system with spin 1, so that the pair of
spins 1/2 in this case forms a triplet. If Ψλµ is an antisymmetric second-rank spinor reducible to a scalar multiplied
by gλµ, the spin pair exists in the singlet state. Consequently, the ratio of the constants ct and cs determines the
relative weights of the triplet and singlet components on the pair of spins s = 1/2 and is a parameter of the model.
In particular, for cs = 0 the wave function (8) contains only a triplet component, and for ct = 0 it contains only a
singlet component.
In general, we can make the ratio of the constants cs/ct different in different pairs, but to preserve translational
symmetry, we confine the discussion to the case in which this ratio is the same in every pair.
We note that the wave function (4) has the matrix form (1), the matrices A(2i − 1, 2i) representing a mixed
second-rank tensor:
Aλν(1, 2) = Ψ
λ
ν(1) = ct


1
2
(α1β2 + β1α2) β1β2
−α1α2 −
1
2
(α1β2 + β1α2)

− 1
2
(α1β2 − β1α2) I, (9)
where αi and βi denote the up and down projections of the spin si, respectively, and I is the unit matrix.
We now choose a Hamiltonian H for which the wave function (7) is an exact ground-state wave function. To do so,
we consider the part of the system (cell) consisting of two nearest neighbor spin pairs. In the wave function (7) the
factor corresponding to the two spin pairs is a second-rank spinor:
Ψλµ(i)gµνΨ
νρ(i + 1). (10)
2
In the general case, therefore, only two of the six multiplets forming two pairs of spin 1/2 — one singlet and one
triplet — are present in the wave function (10). Inasmuch as four spins 1/2 form two singlets and three triplets, the
specific form of the singlet and triplet components present in the wave function (10) depends on the ratio cs/ct. The
cell Hamiltonian acting in the spin space of nearest neighbor spin pairs can be written as the sum of the projectors
onto the four missing multiplets with arbitrary positive coefficients λ1, λ2, λ3, λ4:
Hi,i+1 =
4∑
k=1
λkP
i,i+1
k , (11)
where P i,i+1k is the projector onto the missing multiplets in the corresponding cell Hamiltonian.
The wave function (7) is now an exact wave function of the ground state of the cell Hamiltonian Hi,i+1 with zero
energy, because
Hi,i+1|Ψs〉 = 0, (12)
and λ1, λ2, λ3, λ4 are the excitation energies of the corresponding multiplets.
The total Hamiltonian of the entire system can be written as the sum of mutually noncommuting cell Hamiltonians:
H =
N∑
i=1
Hi,i+1, (13)
and since each term Hi,i+1 in (13) yields zero in its action on Ψs, we have
H |Ψs〉 = 0. (14)
The nondegeneracy of the ground state of this Hamiltonian has been rigorously proved.16
Since the specific form of the existing and missing multiplets in the wave function (7) on every two nearest neighbor
spin pairs depends on the model parameter cs/ct, the projectors in (11) also depend on cs/ct. Each projector can be
written in the form
P 1,2k = J
(k)
12 (s1 · s2 + s3 · s4) + J
(k)
13 (s1 · s3 + s2 · s4) + J
(k)
14 s1 · s4
+ J
(k)
23 s2 · s3 + J
(k)
1 (s1 · s2)(s3 · s4) + J
(k)
2 (s1 · s3)(s2 · s4)
+ J
(k)
3 (s1 · s4)(s2 · s3) + C
(k), (15)
and this representation is unique for a fixed value of the parameter cs/ct.
Substituting the above expressions for the projectors into Eq. (11), we obtain the general form of the cell Hamilto-
nians Hi,i+1. Inasmuch as the Hamiltonians Hi,i+1 have exactly the same form for any i, it suffices here to give the
expression for H1,2:
H1,2 = J12(s1 · s2 + s3 · s4) + J13(s1 · s3 + s2 · s4) + J14s1 · s4 + J23s2 · s3
+ J1(s1 · s2)(s3 · s4) + J2(s1 · s3)(s2 · s4) + J3(s1 · s4)(s2 · s3) + C, (16)
where all volume integrals depend on the model parameter and the spectrum of excited states Ji =
Ji(cs/ct, λ1, λ2, λ3, λ4). In particular, for cs = 0, choosing λ2 = λ3 = λ4 and λ1/λ2 = 3, we obtain an expres-
sion for H1,2 in the form
H1,2 = L1 · L2 +
1
3
(L1 · L2)
2 +
2
3
, (17)
where L1 = s1 + s2 and L2 = s3 + s4.
The Hamiltonian (17) has the form of the AKLT Hamiltonian, a result that is not too surprising, because for
cs = 0 two spins 1/2 in a pair effectively form spin 1. Note, however, that for cs = 0 a set of different forms of the
Hamiltonian H1,2 exists, corresponding to a different choice of coefficients λk.
In general, the Hamiltonian (16) contains both bilinear and four-spin interactions. The latter can be excluded by
setting J1 = J2 = J3 = 0 and solving these equations for λ1, λ2, λ3, λ4. However, since the condition λ1, λ2, λ3, λ4 >
0, generally speaking, is not satisfied over the entire range of the parameter cs/ct, the simplified Hamiltonian will
also have a ground state described by the wave function (7) only in the region where λ1, λ2, λ3, λ4 are positive. The
nonzero exchange integrals J12, J13, J14, J23 and the constant C depend only on the parameter cs/ct. The explicit
form of this dependence is given in Ref. 16, in which we have also calculated the ground-state spin correlation function
〈sisj〉, which decays exponentially with correlation length ∼ 1.
We emphasize that the spin correlation functions 〈sisj〉 do not depend on the choice of λ1, λ2, λ3, λ4 for a fixed
parameter cs/ct, because the ground-state wave function of the four-parameter set of Hamiltonians is the same.
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FIG. 1. Two-dimensional lattice on which the spin model is defined.
FIG. 2. Graphical correspondence of the model wave function. The indices of the site spinors depend on the site index (not
shown in the figure).
3. TWO-DIMENSIONAL MODEL
We consider an M ×M -site square lattice with cyclic boundary conditions. We replace each site of the lattice
by a square (Fig. 1) with spins s = 1/2 at its corners, making the total number of spins equal to 4M2. To avoid
misunderstanding, however, from now on we continue to refer to these squares as sites. The wave function of the
system is described by the product of fourth-rank spinors
Ψ =
∏
n
Ψλnµnνnρn(n). (18)
By analogy with (7), from Eq. (18) we form the scalar
Ψ =
∏
n
Ψλnµnνnρn(n)gνnλn+agρnµn+b . (19)
where a and b are unit vectors in the x and y directions.
The singlet wave function (19) is conveniently identified graphically with a square lattice, each site corresponding
to a fourth-rank spinor Ψλµνρ (whose form is identical for all sites), and each segment linking sites corresponds to a
metric spinor gλµ (Fig. 2).
To completely define the wave function (19), it is necessary to know the form of the site spinor Ψλµνρ. For this
purpose we classify an arbitrary fourth-rank spinor, simplifying and symmetrizing it with respect to different pairs of
indices. We have the following types of spinors as a result:
1) a fourth-rank spinor Qλµνρ symmetric with respect to all indices;
4
FIG. 3. Lattice sites associated with interactions H1,2 and H1,3.
2) three linearly independent products of a symmetric and an antisymmetric second-rank spinor: ϕλµgνρ, ϕ
λνgµρ,
and ϕλρgµν ;
3) two linearly independent products of two metric spinors and a scalar function: gλµgνρχ and gλνgµρχ.
According to this classification, any fourth-rank spinor can be written in the form
Ψλµνρ = c1Q
λµνρ + c2ϕ
λµ
1 gνρ + c3ϕ
λν
2 gµρ + c4ϕ
λρ
3 gµν + c5gλµgνρχ1 + c6gλνgµρχ2. (20)
We note, however, that because the system of four spins 1/2 contains one quintet, three triplets, and two singlets,
Eq. (20) still does not completely determine the form of Ψλµνρ, and it is necessary to determine the specific form of
the spinors ϕλµ1 , ϕ
λν
2 , and ϕ
λρ
3 and the scalar functions χ1 and χ2.
Each symmetric second-rank spinor ϕλµ describes a triplet state of the system, representing a linear combination of
the three basis triplet functions ϕλµt1 , ϕ
λµ
t2 , and ϕ
λµ
t3 . We can now specify nine linearly independent spinors describing
triplet states of four spins s = 1/2:
ϕλµt1 gνρ, ϕ
λµ
t2 gνρ, ϕ
λµ
t3 gνρ,
ϕλνt1 gµρ, ϕ
λν
t2 gµρ, ϕ
λν
t3 gµρ, (21)
ϕλρt1 gµν , ϕ
λρ
t2 gµν , ϕ
λρ
t3 gµν .
The products of two metric spinors and a scalar function gλµgνρχ1 and gλνgµρχ2 describe singlets states of four spins
s = 1/2. Since there are two independent singlet functions χs1 and χs2, we have four linearly independent scalars
describing singlet states of four spins s = 1/2:
gλµgνρχs1, gλµgνρχs2,
gλνgµρχs1, gλνgµρχs2.
(22)
As a result, the specific form of the fourth-rank spinor Ψλµνρ [and, hence, the wave function (19)] describing the
system of four spins s = 1/2 is governed by 1 + 9 + 4 = 14 quantities, which are parameters of the model.
We now choose a Hamiltonian H for which the wave function (19) is an exact ground-state wave function. As in
the one-dimensional case, we seek the required Hamiltonian in the form of a sum of cell Hamiltonians acting in the
space of two nearest neighbor spin quartets:
H =
∑
n
Hn,n+a +
∑
n
Hn,n+b. (23)
The first term in Eq. (23) is the sum of the cell Hamiltonians in the horizontal direction, and the second term is
the same for the vertical. The cell Hamiltonians along each direction have the same form, but the “horizontal” and
“vertical” Hamiltonians differ in general. In the ensuing discussion, therefore, we consider only the Hamiltonians H1,2
and H1,3 (Fig. 3), which describe interactions of “sites” in the x and y directions, respectively.
For the wave function (19) to be an exact eigenfunction of the Hamiltonian H, it is sufficient that the sixth-rank
spinors
5
Ψλ1µ1ν1ρ1(1)Ψλ2µ2ν2ρ2(2)gν1λ2 , (24)
Ψλ1µ1ν1ρ1(1)Ψλ3µ3ν3ρ3(3)gρ1µ3 , (25)
be eigenfunctions of the corresponding cell Hamiltonians H1,2 and H1,3.
In general, when the site spinor Ψλµνρ is not symmetric with respect to any indices, the possible states of two
quartets of spins s = 1/2 consist of 70 multiplets. A wave function represented by a sixth-rank spinor contains only
20 of them. Accordingly, the cell Hamiltonians H1,2 and H1,3 can be represented by the sum of projectors onto the
50 missing multiplets:
H1,2 =
50∑
k=1
λkP
1,2
k ,
H1,3 =
50∑
k=1
µkP
1,3
k , (26)
where the positive constants λk and µk are the excitation energies of H1,2 and H1,3, and the specific form of the
projectors depends on 14 model parameters.
Inasmuch as
Hn,n+a|Ψs〉 = 0, Hn,n+b|Ψs〉 = 0, (27)
for the total Hamiltonian (23) we have the expression
H |Ψs〉 = 0. (28)
Consequently, Ψs is the ground-state wave function of the total Hamiltonian H, because it is a sum of nonnegative
definite cell Hamiltonians. Also, it can be rigorously proved (see the Appendix) that the ground state of H is
nondegenerate.
As mentioned above, the specific form of the projectors depends on 14 model parameters, and in general the cell
Hamiltonians (26), expressed in terms of scalar products of the type si · sj , (si · sj)(sk · sl), etc., have an extremely
cumbersome form. We therefore consider a few special cases.
When the site spinor Ψλµνρ is a symmetric fourth-rank spinor Qλµνρ (corresponding to the two-dimensional AKLT
model12), only the quintet component out of the six multiplets on each spin quartet is present in the wave function
(19). The sixth-rank spinors (24) and (25) are symmetric with respect to two triplets of indices and, hence, contain
four multiplets with S = 0, 1, 2, 3 formed from two quintets. Consequently, the cell Hamiltonian (H1,2 and H1,3
coincide in this case) has the form
H1,2 =
66∑
k=1
λkP
1,2
k . (29)
If we set λk = 1 (k = 1, 66), we can write Eq. (29) in the form
H1,2 = P4(S1 + S2) +
[
1− P2(S1)P2(S2)
]
, (30)
where Si is the total spin of the quartet of spins s = 1/2 on the ith site, Si = s1(i) + s2(i) + s3(i) + s4(i), and Pl(S)
is the projector onto the state with spin S = l.
If the four spins s = 1/2 at each site are replaced by a single spin S = 2 and if the wave function (19) is treated as
a wave function describing a system of M2 spins S = 2, the second term in the Hamiltonian (30) vanishes, and we
arrive at the Hamiltonian of the two-dimensional AKLT model:
H1,2 = P4(S1 + S2) =
1
28
S1 · S2 +
1
40
(S1 · S2)
2 +
1
180
(S1 · S2)
3 +
1
2520
(S1 · S2)
4. (31)
Another interesting special case is encountered when the system decomposes into independent one-dimensional
chains. This happens if the site spinor Ψλµνρ reduces to a product of two second-rank spinors, each describing two
spins 1/2. For example,
Ψλµνρ(s1, s2, s3, s4) = ϕ
λν(s1, s3)ϕ
µρ(s2, s4). (32)
6
FIG. 4. Pattern of independent singlet pairs (double lines).
In this case the Hamiltonians H1,2 and H1,3 contain interactions of four rather than eight spins 1/2 and have the
form (16).
The simplest case is when the site spinor Ψλµνρ is a product of four first-rank spinors:
Ψλµνρ(s1, s2, s3, s4) = ϕ
λ(s1)ϕ
µ(s2)ϕ
ν(s3)ϕ
ρ(s4). (33)
Now the system decomposes into independent singlet pairs (Fig. 4), and the total Hamiltonian of the system has the
form
H =
∑
i,j
(
si · sj +
3
4
)
, (34)
where si and sj are the spins forming the singlet pairs.
4. SPIN CORRELATION FUNCTIONS IN THE GROUND STATE
We now look at the problem of calculating the norm and the correlation function of the model described by the
wave function (19). The expression for the norm of the wave function G = 〈Ψs|Ψs〉 has the form
G =
∏
n
〈
Ψλ
′
nµ
′
nν
′
nρ
′
n(n)
∣∣∣Ψλnµnνnρn(n)〉 gνnλn+agρnµn+bgν′nλ′n+agρ′nµ′n+b
=
∏
n
R
λ′nµ
′
nλ
′
n+aµ
′
n+b
λnµnλn+aµn+b
=
∏
n
Rαnβnαn+aβn+b , αi, βi = {1, 2, 3, 4}, (35)
where Rαβαβ is a 4× 4× 4× 4 matrix.
According to the selection rules for the projection of the total spin Sz, only 70 of the 256 elements in the expression〈
Ψλ
′µ′ν′ρ(n)
∣∣∣Ψλµνρ(n)〉 are nonvanishing. Consequently, the matrix R also contains at most 70 elements. If we
regard the elements of R as Boltzmann vertex weights, the problem of calculating the norm reduces to the classical
70-vertex model.
Since the exact solution for the 70-vertex model is unknown, numerical methods must be used to calculate the norm
and the expected values.
To calculate the above-indicated expected values, we carry out Monte Carlo calculations on 20 × 20-site lattices.
As mentioned, the ground-state wave function of the model depends on 14 parameters and, of course, cannot possibly
be analyzed completely. We confine the numerical calculations to the case in which the spinor Ψλµνρ depends on one
parameter α:
Ψλµνρ = cosα ·Qλµνρ + sinα ·
(
Aλµνρ −Qλµνρ
)
, (36)
7
FIG. 5. Dependence of the spin correlation function 〈s3(1)s1(2)〉 on the parameter α.
where α ∈
[
− pi/2; pi/2
]
, the spinor Qλµνρ is symmetric with respect to all indices, and
Aλµνρ = ϕλ(s1)ϕ
µ(s2)ϕ
ν(s3)ϕ
ρ(s4). (37)
In this case we have a one-parameter model with two well-known limiting cases. One corresponds to α = pi/4, for
which Ψλµνρ = Aλµνρ, and the system decomposes into independent singlet pairs (Fig. 4); the other limiting case
corresponds to α = 0 (our model reduces to the two-dimensional AKLT model in this case, the spins at each site
forming a quintet).
In the given model there are four spins s = 1/2 at each site, and the enumeration of each spin is determined by the
order number of the lattice site to which it belongs and by its own number at this site. The spin correlation function
therefore has the form
fij(r) =
〈
si(n) · sj(n+ r)
〉
. (38)
In determining the spin structure of the ground state, however, it is more practical to consider the more straight-
forward quantity F (r):
F (r) =
4∑
i,j=1
〈
si(n) · sj(n+ r)
〉
=
〈
S(n) · S(n+ r)
〉
. (39)
The function F (r) is left unchanged by a change of sign of α. This invariance is attributable to the fact that the
spinor (Aλµνρ −Qλµνρ does not contain a quintet component, so that all the functions of this spinor are orthogonal
to all functions of the symmetric spinor〈
Qλ
′µ′ν′ρ′
∣∣∣(Aλµνρ −Qλµνρ)〉 = 0. (40)
for all λ, µ, ν, ρ and λ′, µ′, ν′, ρ′.
In addition, since the total spin operator S at a site commutes with S2 =
4∑
i,j=1
si · sj , we then have
〈
Qλ
′µ′ν′ρ′
∣∣∣ 4∑
i=1
si
∣∣∣(Aλµνρ −Qλµνρ)
〉
= 0 (41)
It follows from Eqs. (35), (40), and (41) that sinα and cosα enter into the norm and into the expected value
〈Ψ|S(n) · S(n+ r)|Ψ〉 only in even powers, so that F (r) is invariant against a change of sign of α. We note, however,
that only the total correlation function, and not fij(r), possesses symmetry under a change of sign of α. This assertion
is evident, for example, in Fig. 5, which shows the dependence of f31(a) on α as an illustration.
Figure 6 shows plots of F (r) for certain values of the parameter α. In every case it is found that the correlation
function decays exponentially as r increases, differing from the one-dimensional model in that the preexponential factor
8
FIG. 6. Dependence of the spin correlation function F (rz) on the distance along the x axis for various values of the param-
eter α: (⋄) α = 0; (•) α = pi/10; (◦) α = ±pi/2.
FIG. 7. Dependence of the correlation length on the parameter α.
also depends on r. Figure 7 shows the dependence of the correlation length rc on the parameter α. The correlation
length is a maximum at the point α = 0 (two-dimensional AKLT model), decreases as α increases, and at α = pi/4,
when the system decomposes into independent singlet pairs (Fig. 4), it is equal to zero. With a further increase in
α the correlation length increases and attains a second maximum at α = pi/2. Like the correlation function F (r),
the function rc(α) is symmetric with respect to α. It is evident from Fig. 7 that the parameter α has two rangess
corresponding to states with different symmetries. In the range |α| < pi/4 the correlation function F (r) exhibits
antiferromagnetic behavior:
F (r) ∝ (−1)rx+rye−|r|/rc , (42)
whereas the spins at one site are coupled ferromagnetically, 〈si(n) · sj(n)〉 > 0. On the other hand, in the range
pi/4 < |α| < pi/2 the correlation function F (r) is always negative:
F (r) ∝ −e−|r|/rc (43)
and all the correlation functions at one site are also negative (Fig. 8).
These ranges have two end points in common, α = ±pi/4, where rc = 0. Whereas α = pi/4 corresponds to the
trivial partition of the system into independent singlet pairs, the case α = −pi/4 is more interesting.
In this case we have
Ψλµνρ = 2Qλµνρ −Aλµνρ, (44)
and the matrix
〈
Ψλ
′µ′ν′ρ′
∣∣∣Ψλµνρ〉, which enters into the equation for the norm (35) and the expected values, is
transformed to
9
FIG. 8. Dependence of the spin correlation function at one site on the parameter α.
〈
Ψλ
′µ′ν′ρ′
∣∣∣Ψλµνρ〉 = 4〈Qλ′µ′ν′ρ′ ∣∣∣Qλµνρ〉− 2〈Aλ′µ′ν′ρ′ ∣∣∣Qλµνρ〉
− 2
〈
Qλ
′µ′ν′ρ′
∣∣∣Aλµνρ〉+ 〈Aλ′µ′ν′ρ′ ∣∣∣Aλµνρ〉 . (45)
The symmetry of the spinor Qλµνρ with respect to all the indices leads to the relation〈
Qλ
′µ′ν′ρ′
∣∣∣Qλµνρ〉 = 〈Aλ′µ′ν′ρ′ ∣∣∣Qλµνρ〉 = 〈Qλ′µ′ν′ρ′ ∣∣∣Aλµνρ〉 . (46)
Equation (45) therefore acquires the form〈
Ψλ
′µ′ν′ρ′
∣∣∣Ψλµνρ〉 = 〈Aλ′µ′ν′ρ′ ∣∣∣Aλµνρ〉 = δλλ′δµµ′δνν′δρρ′ . (47)
¿From the equation for the norm (35) we then have
G =
∏
n
〈
Ψλ
′
nµ
′
nν
′
nρ
′
n(n)
∣∣∣Ψλnµnνnρn(n)〉 gνnλn+agρnµn+bgν′nλ′n+agρ′nµ′n+b
=
∏
n
δλnλ′nδµnµ′nδλn+aλ′n+aδµn+bµ′n+b = 2
2M2 . (48)
The latter equation has been derived with allowance for the relation δνν′gνλgν′λ′ = δλλ′ .
We now calculate the expected value 〈Ψ|si(n) · sj(n + r)|Ψ〉. If sites n and n + r are not nearest neighbors,
〈Ψ|si(n) · sj(n+ r)|Ψ〉 decomposes into the product of the expected values
〈
Ψ
∣∣si(n) · sj(n+ r)∣∣Ψ〉 = 22M2−8
〈
Ψλ
′µ′ν′ρ′ (n)
∣∣∣∣si(n)∣∣∣Ψλµνρ(n)
〉
×
〈
Ψλ
′′′µ′′′ν′′′ρ′′′ (n+ r)
∣∣∣sj(n+ r)∣∣∣Ψλ′′µ′′ν′′ρ′′ (n+ r)〉
× δλλ′δµµ′δνν′δρρ′δλ′′λ′′′δµ′′µ′′′δν′′ν′′′δρ′′ρ′′′ = 0. (49)
Consequently, for α = −pi/4 all the correlation functions at non-nearest neighbor sites are equal to zero. But if sites
n and n+ r are nearest neighbors, the corresponding correlation function assumes the form
〈
Ψ
∣∣si(1) · sj(2)∣∣Ψ〉 = 22M2−7 〈Ψλ′µ′ν′ρ′(1)∣∣∣si(1)∣∣∣Ψλµνρ(n)〉
×
〈
Ψλ
′′′µ′′′ν′′′ρ′′′ (2)
∣∣∣sj(2)∣∣∣Ψλ′′µ′′ν′′ρ′′ (2)〉
× gνλ′′gν′λ′′′δλλ′δµµ′δρρ′δµ′′µ′′′δν′′ν′′′δρ′′ρ′′′ . (50)
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The exact calculation of the latter expression yields the following results (Fig. 3):
〈
si(1) · sj(2)
〉
= −
25
768
, i = 1, 2, 4, j = 2, 3, 4,
〈
si(1) · s1(2)
〉
=
〈
s3(1) · sj(2)
〉
= −
15
256
, (51)
〈
s3(1) · s1(2)
〉
= −
27
256
.
It follows from Eqs. (51) that
4∑
i,j=1
〈
si(1) · sj(2)
〉
= −
3
4
,
as in the case of independent singlets (α = pi/4). It can also be shown that all the correlations functions at one site
are equal to zero.
to write the cell Hamiltonian H1,2 in explicit form for α = −pi/4, we introduce the notation{
l1 = s1(1) + s2(1) + s4(1),
l2 = s2(2) + s3(2) + s4(2),
{
s1 = s3(1),
s2 = s1(2),
(52){
h1 = l1 · s1 + l2 · s2,
h2 = l1 · s2 + l2 · s1.
Accordingly, choosing λk = 1 (k = 1, 50), we can write the cell Hamiltonian H1,2 in Eq. (26) in the form
H1,2 = P1/2(l1)P1/2(l2)P1(s1 + s2) + P3/2(l1)P3/2(l2)h3
+ P3/2(l1)P1/2(l2)h4 + P1/2(l1)P3/2(l2)h5, (53)
where
h3 =
207
256
+
49
64
s1 · s2 +
3
64
l1 · l2 +
1
16
(s1 · s2)(l1 · l2)−
15
64
h2 −
1
32
h22
+
1
64
[
6h1(l1 · l2) + 4h
2
1(l1 · l2)− 14h
2
1(l1 · l2)
2 +H.c.
]
,
h4 =
3
4
−
7
8
s1 · s2 +
1
4
l1 · s2 +
1
4
[
(l1 · s1)(l1 · s2) + H.c.
]
,
h5 =
3
4
−
7
8
s1 · s2 +
1
4
l2 · s1 +
1
4
[
(l2 · s2)(l2 · s1) + H.c.
]
.
(54)
The cell Hamiltonian H1,3 has the same form (53) but with a change of notation according to Fig. 3:{
l1 = s1(1) + s2(1) + s3(1),
l2 = s1(3) + s3(3) + s4(3),
{
s1 = s4(1),
s2 = s2(3).
(55)
Of special interest is the case corresponding to α = ±pi/2. Unfortunately, exact expressions for the correlation
function cannot be obtained in this case, but the Hamiltonian can be written in explicit form. Since the site spinor
Ψλµνρ does not contain a quintet component for α = ±pi/2, the wave function of two nearest neighbor sites (24) and
(25) will lack a component with S = 3. A more detailed analysis shows that 19 multiplets are present in the wave
function of two nearest neighbor sites. In this case, therefore, the cell Hamiltonian has the general form
H1,2 =
51∑
k=1
λkP
1,2
k . (56)
For a definite choice of λk in Eq. (56) the cell Hamiltonian assumes the form
H1,2 = P2(l1 + s1) + P2(l2 + s2) + P1/2(l1)P1/2(l2)P1(s1 + s2)
+ P3/2(l1)P1/2(l2)P1/2(l1 + s1 + s2) + P3/2(l2)P1/2(l1)P1/2(l2 + s2 + s1), (57)
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where the notations (52) and (55) are used for nearest neighbor sites along the horizontal and along the vertical,
respectively.
Our results suggest that the spin correlation functions decay exponentially with a correlation length ∼ 1 for an
arbitrary parameter α. We also assume that the decay of the correlation function is of the exponential type for the
14-parameter model as well, i.e., for any choice of site spinor Ψλµνρ. This assumption is supported in special cases:
1) the partition of the system into one-dimensional chains with exactly known exponentially decaying correlation
functions; 2) the two-dimensional AKLT model, for which the exponential character of the decay of the correlation
function has been rigorously proved.14 Further evidence of the stated assumption lies in the numerical results obtained
for various values of the parameter in the one-parameter model.
5. GENERALIZATION OF THE MODEL TO OTHER TYPES OF LATTICES
The wave function (7), (19) can be generalized to any type of lattice. The general principle of wave function
construction for a system of spins 1/2 entails the following:
1) Each bond on a given lattice has associated with it two indices running through the values 1 and 2, one at each
end of the bond.
2) Each bond has associated with it a metric spinor gλµ with the indices of the ends of this bond.
3) Each site of the lattice (a site being interpreted here, of course, in the same sense as in Sec. 3) with m outgoing
bonds has associated with it an mth-rank spinor with the indices of the bonds adjacent to the site.
4) The wave function is the product of all spinors at sites of the lattice and all metric spinors.
It is obvious that each index in the formulated wave function is encountered twice, so that the wave function is
scalar and, hence, singlet.
The wave function so constructed describes a system in which each lattice site contains as many spins s = 1/2 as
the number of bonds emanating from it.
To completely define the wave function, it is necessary to determine the specific form of all site spinors. The
coefficients that determine their form are then parameters of the model.
The Hamiltonian of such a model is the sum of the cell Hamiltonians acting in the spin space of the subsystem
formed by the spins at two mutually coupled sites:
H =
∑
〈ij〉
Hij . (58)
Each cell Hamiltonian is the sum of the projectors with arbitrary positive coefficients onto all multiplets possible
in the corresponding two-site subsystem except those present in the constructed wave function:
Hi,j =
∑
k
λkP
i,j
k . (59)
Then Hi,j |Ψs〉 = 0 and, accordingly, H |Ψs〉 = 0.
Consequently, Ψs is an exact ground-state wave function.
We note that any two lattice sites can be joined by two, three, or more bonds, because this does not contradict the
principle of construction of the wave function. Moreover, the general principle of construction of the wave function is
valid not only for translationally symmetric lattices, but for any graph in general. As an example, let us consider the
system shown in Fig. 9. The wave function of this system has the form
Ψs = Ψ
λ1(1)Ψλ2µ1ν1ρ1(2)Ψρ2ν2τ1(3)Ψµ2τ2(4)gλ1λ2gµ1µ2gν1ν2gρ1ρ2gτ1τ2 (60)
and describes a system containing ten spins 1/2.
If the given lattice has dangling bonds (as occurs for systems with open boundary conditions), the resulting wave
function represents a spinor of rank equal to the number of loose ends. The ground state of this kind of system is
therefore 2l-fold degenerate (where l is the number of loose ends). For an open one-dimensional chain, for example,
the ground state corresponds to four functions — one singlet and three triplet components. For higher-dimensional
lattices this degeneracy depends on the size of the lattice and increases exponentially as its boundaries grow.
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FIG. 9. Example of a graph corresponding to the wave function (60).
6. CONCLUSION
We have proposed a method for the construction of an exact wave function for a class of two-dimensional spin models.
In general this model depends on 14 parameters, and its Hamiltonian is written as the sum of the Hamiltonians of
nearest neighbor spin quartets. The exact ground-state wave function of the total system is also the exact wave
function of each cell Hamiltonian. Since 20 of the 70 multiplets of two nearest neighbor quartets are present in the
exact wave function, the cell Hamiltonians are the sums of the projectors with positive coefficients onto the other
50 multiplets. These coefficients are the excitation energies of the corresponding multiplets. Different values of the
coefficients correspond to different Hamiltonians. In this case, however, the ground-state wave function itself and the
spin correlation functions in the ground state are identical for all Hamiltonians. This means that the ground-state
wave function, as defined by Shastry and Sutherland,18 is superstable.
We have carried out Monte Carlo calculations of the spin correlation functions in the ground state for the special
case of a model that depends on one parameter. For all values of the parameter the spin correlation functions
decay exponentially with distance despite the complicated dependence of the correlation functions of nearest neighbor
spins on the model parameter. It is justifiable to expect the spin correlations to decay exponentially in the general
14-parameter model as well.
In closing, we are pleased to acknowledge Prof. M. Ya. Ovchinnikova for helpful discussions of the problems treated
in the article. This work has received financial support from the Russian Foundation for Basic Research (Grants
No. 96-03-32186 and No. 97-03-33727) and from the Program for Support of Leading Scientific Schools (Grant No.
96-15-97492).
APPENDIX
In Sec. 3 we have constructed the singlet wave function
Ψs =
∏
n
Ψλnµnνnρn(n)gνnλn+agρnµn+b (A.1)
for a system of 4M2 spins s = 1/2 on a square lattice. The following Hamiltonian was specially chosen for the resulting
wave function:
H =
∑
n
Hn,n+a +
∑
n
Hn,n+b, (A.2)
for which the wave function (A.1) is the zero-energy ground state:
H |Ψs〉 = 0. (A.3)
We now show that the ground state of the system is nondegenerate, i.e., the wave function satisfying Eq. (A.3) is
unique.
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Inasmuch as the Hamiltonian (A.2) is a sum of nonnegative definite cell Hamiltonians, any function satisfying
Eq. (A.3) must satisfy all the cell equations
Hi,j |Ψs〉 = 0. (A.4)
This means that Eqs. (A.3) and (A.4) are equivalent.
We prove the nondegeneracy of the ground state of the Hamiltonian (A.2) as follows. We first write the general form
of the wave function for the system in question. We then determine the general form of the wave function satisfying
one of the cell equations (A.4). Making note of the conditions imposed on the general form of the wave function
by each cell equation and, at the same time, simultaneously satisfying these conditions for all the cell equations,
we obtain the general form of the wave function satisfying all the equations (A.4) and, hence, satisfying the total
Hamiltonian (A.2).
Any wave function of the given system can be written in the form
Ψ =
∑
λµνρ
c(λµνρ) ·
∏
j
Φλjµjνjρj (j), (A.5)
where the summation is over the 4M2 indices λi, µi, νi, ρi, c(λµνρ) denotes coefficients that depend on these indices,
and Φλjµjνjρj (j) are arbitrary fourth-rank site spinors (in general, spinors at different sites can differ).
We require that the wave function (A.5) obey the cell equation
Hn,n+a|Ψ〉 = 0. (A.6)
By the construction of the singlet wave function (A.1), which is matched by the cell Hamiltonian Hn,n+a, any wave
function at sites n and n + a that satisfies condition (A.6) is a linear combination of the 64 functions contained in
the expression
Ψλnµnνnρn(n)Ψλn+aµn+aνn+aρn+a(n+ a)gνnλn+a , (A.7)
because the cell Hamiltonian Hn,n+a by definition is the sum of the projectors onto all multiplets [Ψ
λnµnνnρn(n)
and Ψλn+aµn+aνn+aρn+a(n + a) are definite site spinors occurring in the wave function (A.1)]. We note that these 64
functions can be linearly dependent (as is the case, for example, for the two-dimensional AKLT model).
Thus, the general form of the wave function satisfying Eq. (A.6) can be written
Ψ =
∑
λµνρ
c(λµνρ|νnλn+a)gνnλn+aΨ
λnµnνnρn(n)
×Ψλn+aµn+aνn+aρn+a(n+ a)
∏
j6=n,n+a
Φλjµjνjρj(j),
(A.8)
where c(λµνρ|νnλn+a) are coefficients that depend on the indices λi, µi, νi, ρi exclusive of the indices νn and λn+a,
and Φλjµjνjρj (j) are arbitrary site spinors.
Comparing the functions (A.5) and (A.8), we deduce the following conditions that must be met by the function
(A.5) to obtain the general form of the wave function satisfying Eq. (A.6):
1. The spinors at sites n and n+ a must coincide with the site spinors of the wave function (A.1):
Φλnµnνnρn(n) = Ψλnµnνnρn(n),
Φλn+aµn+aνn+aρn+a(n+ a) = Ψλn+aµn+aνn+aρn+a(n+ a).
(A.9)
2. The coefficients c(λµνρ) have the form
c(λµνρ) = c(λµνρ|νnλn+a)gνnλn+a . (A.10)
From the equation
Hn,n+b|Ψ〉 = 0 (A.11)
we deduce analogous conditions on the general form of the wave function (A.5):
Φλnµnνnρn(n) = Ψλnµnνnρn(n),
Φλn+bµn+bνn+bρn+b(n+ b) = Ψλn+bµn+bνn+bρn+b(n+ b), (A.12)
c(λµνρ) = c(λµνρ|ρnµn+b)gρnµn+b .
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The simultaneous satisfaction of all the cell equations (A.4) requires consolidation of the conditions imposed by
these equations on the general form of the wave function (A.5). Combining these conditions in succession, in each
step we obtain the general form of a wave function satisfying the equations corresponding to these conditions. Upon
satisfying all the conditions, we obtain the general form of the wave function satisfying all the cell equations (A.4)
and, hence, satisfying Eq. (A.3):
Ψs =
∑
λµνρ
c(λµνρ|λµνρ)
∏
j
Ψλjµjνjρj(j)gνjλj+agρjµj+b , (A.13)
where c(λµνρ|λµνρ) = c is a constant.
Comparing the wave functions (A.1) and (A.13), we readily perceive that, to within an arbitrary factor, the
general form of the wave function satisfying Eq. (A.3) coincides with the wave function Ψs. Consequently, Ψs is the
nondegenerate ground-state wave function of the Hamiltonian (A.2).
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